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a b s t r a c t
Weakly compatible split systems are a generalization of unrooted evolutionary trees and
are commonly used to display reticulate evolution or ambiguity in biological data. They
are collections of bipartitions of a finite set X of taxa (e.g. species) with the property that,
for every four taxa, at least one of the three bipartitions into two pairs (quartets) is not
induced by any of the X-splits.We characterize all split systemswhere exactly two quartets
from every quadruple are induced by some split. On the other hand, we construct maximal
weakly compatible split systems where the number of induced quartets per quadruple
tends to 0 with the number of taxa going to infinity.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In biology, phylogenetics is the study of the evolutionary history of a collection of taxonomic units like species or
populations. Usually, a phylogenetic analysis starts with morphological or molecular data, e.g. DNA sequences, and aims
to construct a leaf-labeled tree that shows how the taxa evolved from their last common ancestor. However, for many data
sets there are contradicting signals that cannot be displayed by a single tree, and sometimes, due to reticulate evolution
events like recombination or lateral gene transfer, a correct tree does not even exist. In those cases it is often useful to
consider structures more general than trees.
The information of an unlabeled unweighted phylogenetic treewith taxa set X can be formulated in terms of splits, that is
bipartitions of X: Removing any edge from the tree yields two connected components and the sets of taxa in each component
define a bipartition of X . Conversely, a set of splits of X corresponds to a phylogenetic tree if and only if, for each two splits,
we can select one part from each split such that their intersection is empty [1]. Collections of splits that satisfy this condition
are called compatible. By relaxing the compatibility condition, we get a generalization of phylogenetic trees. We will give its
definition after introducing some notation.
The set of all splits of X is denoted byΣ(X). Any subsetΣ ofΣ(X) is called a split system of X . Given a split A|B ∈ Σ(X),
the number min{|A|, |B|} is also called the size of that split, and denoted by ‖A|B‖. A split A|B of X of size k is called a k-split
and a 1-split is called a trivial split, and the set of all non-trivial splits inΣ(X) is denoted byΣ∗(X).Wewill not distinguish
between A|B and B|A, as both terms stand for the same bipartition {A, B} of X . A split system Σ is called weakly compatible
if for any {Ai, Bi} ∈ Σ (i = 1, 2, 3) at least one of the intersections A1 ∩ A2 ∩ A3, A1 ∩ B2 ∩ B3, B1 ∩ A2 ∩ B3, B1 ∩ B2 ∩ A3
is empty. A split systemΣ is calledmaximal weakly compatible if it is weakly compatible and there does not exist a weakly
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compatible split system Σ ′ such that Σ ⊂ Σ ′. Equivalently, weakly compatible split systems can be defined in terms of
their quartet sets: A quartet q on X is a partition of a four-element subset {a1, a2, b1, b2} of X into two two-element subsets
{a1, a2} and {b1, b2}. Any such partition is denoted, for short, by a1a2|b1b2.We denote the set of all quartets on X byQ(X). A
subset ofQ(X) is called a quartet system. A quartet a1a2|b1b2 is displayed by split A|B if a1, a2 ∈ A and b1, b2 ∈ B or a1, a2 ∈ B
and b1, b2 ∈ A.
ForΣ ⊆ Σ∗(X),
QΣ := {a1a2|b1b2 : ∃S = A|B ∈ Σ such that {a1, a2} ⊆ A, {b1, b2} ⊆ B}.
ForQ ⊆ Q(X),
ΣQ := {A|B ∈ Σ∗(X) : for all a1 6= a2 ∈ A, b1 6= b2 ∈ B, a1a2|b1b2 ∈ Q}.
The following result is easy to prove and was established in [2].
Proposition 1.1. Let X be a finite and non-empty set andΣ ⊆ Σ∗(X). ThenQΣ has the property that for all x, y, u, v in X, there
are at most two quartets on x, y, u, v if and only if Σ is weakly compatible.
Amaximal circular split system is a special weakly compatible split system that is defined by a circular ordering of X . Let
C be a cycle (graph) with vertex set X . We define Σ(C) to be the split system containing precisely all splits A|B for which
there are two edges e, f of C such that A and B are the vertex sets of the two components of C − e− f . A circular split system
is a subset of any maximal circular split system. Note that compatible split systems are circular.
Themethodsmostwidely used to constructweakly compatible split systems are split decompositions [3] as implemented
in SplitsTree [4]and NeighborNet [5].While split decomposition often produces too few splits for real data, NeighborNet and
its quartet-based analogue QNet [6] can only reconstruct circular split systems. In order to develop variants of NeighborNet
or QNet that can reconstruct more general split systems, a better understanding of weakly compatible split systems and
their quartet systems would be desirable.
In this note we consider the cardinality of QΣ for a weakly compatible split system Σ of X . We show that, for |X | ≥ 7,
|QΣ | = 2
(
|X |
4
)
if and only ifΣ is maximal circular and we construct maximal weakly compatible split systems where the
number of induced quartets per quadruple tends to 0 with the number of taxa going to infinity.
2. Full weakly compatible split systems
We recall that a weakly compatible split system without trivial splits can be reconstructed from the quartet set.
Lemma 2.1. Let X be a finite and non-empty set and let Σ ⊆ Σ∗(X). If Σ is weakly compatible thenΣQΣ = Σ .
LetΣ be a split system on X . Define a 2-split graph G2(Σ) with X as its vertices and with a1 adjacent to a2 if and only if
{a1, a2}|(X − a1 − a2) ∈ Σ . We say thatΣ is a full weakly compatible split system if, for all four taxa x, y, u, v ∈ X , there are
exactly two quartets on x, y, u, v inQΣ . Note that such a split system is weakly compatible by Proposition 1.1.
Lemma 2.2. Let X be a finite and non-empty set with |X | = n and let Σ be a full weakly compatible split system. Then the degree
of any vertex of G2(Σ) is at most 2. In particular, there are at most n 2-splits inΣ .
Proof. Let X = {1, 2, . . . , n}. Then the degree of any vertex of G2(Σ) is at most 2. Otherwise, G2(Σ) has K1,3 as a subgraph
and this implies that there is a quadruplewhich has three quartets, a contradiction. The number of edges ismaximal ifG2(Σ)
is 2-regular; hence the result follows. 
Themain result of this section is a characterization of full weakly compatible split systems. Obviously, such a split system
contains exactly two out of three possible quartets for the four-taxa case. We distinguish split systems with five, six, seven,
or more taxa.
Proposition 2.3. Let X = {1, 2, 3, 4, 5} and let Σ be a full weakly compatible split system. ThenΣ is isomorphic to one of the
following:
1. Σ = {12|345, 13|245, 25|134, 35|124}: a 4-cycle and an isolated vertex;
2. Σ = {12|345, 13|245, 25|134, 34|125, 45|123}: a pentagon.
Proof. All splits inΣ have to be 2-splits so the split system is defined by G2(Σ). In view of Lemma 2.2, themaximumdegree
is at most 2. Since every 2-split displays only three quartets and QΣ contains ten quartets, Σ contains at least four splits.
There are only three graphswith at least four edges andmaximumdegree atmost 2, a 4-cycle, a 5-cycle, and a path of length
4. Only the 4-cycle and the 5-cycle yield a full weakly compatible split system. 
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Proposition 2.4. Let X = {1, 2, 3, 4, 5, 6} and let Σ be a full weakly compatible split system. Then Σ is isomorphic to one of
the following:
1. Σ = {123|456, 234|156, 345|126, 135|246}: an octahedron;
2. Σ a full circular split system.
Proof. Let B be the set of 3-splits in Σ . Since every 2-split displays
(
4
2
)
= 6 quartets and two 2-splits have one common
displayed quartet if their 2-sets are disjoint, the number of quartets displayed by at least one 2-splits equals 6e− f where e is
the number of edges and f the number of pairs of independent edges in G2(Σ). In view of Lemma 2.2, this number is at most
27; thus B is not empty andwe can assume S1 = 123|456 ∈ Σ . SinceΣ isweakly compatible, all edges inG2(Σ) that connect
a vertex from {1, 2, 3} with a vertex from {4, 5, 6}must be independent. Assume B = {S1}. If there is a vertex u ∈ {1, 2, 3}
of G2(Σ) that is not connected to any vertex in {4, 5, 6}, then we can select a different vertex v ∈ {1, 2, 3} and two vertices
w, x ∈ {4, 5, 6} such that there is no edge connecting a vertex from {u, v} with a vertex from {w, x}, but then there is only
one quartet on {u, v, w, x} displayed byΣ , a contradiction. Therefore, there are three independent edges in G2(Σ) that are
incident with one element of {1, 2, 3} and one element of {4, 5, 6}. In view of Lemma 2.2 there is at most one edge e with
both incident vertices in {1, 2, 3}. Let y be the vertex in {1, 2, 3} that is not incident with e and let z be the neighbor of y
in {4, 5, 6}. Then there is only one quartet on {1, 2, 3, z} displayed by Σ , a contradiction. Hence, we have |B| ≥ 2 and we
can assume S2 = 234|156 ∈ Σ . Since there are two quartets on {2, 3, 5, 6} displayed by Σ but every 2-split that displays
25|36 or 26|35 is not weakly compatible with S1 and S2, we have |B| ≥ 3 and we can assume S3 = 345|126 ∈ Σ . Now
S4 = 135|246 is the only 3-split such that {S1, S2, S3, S4} is weakly compatible and that split system is the octahedron. On
the other hand, the only 2-splits that areweakly compatiblewith {S1, S2, S3} are the splits of the form {i, i+1}|(X−{i, i+1})
for 1 ≤ i ≤ 6 where 7 is identified with 1. We have to add them all to get a full weakly compatible split system and that
split system is circular. 
Given a split system Σ ′ ⊆ Σ(X) and some subset Y ⊆ X , define the split system induced by Σ ′ on Y by Σ ′|Y = {A ∩ Y |
B ∩ Y : A|B ∈ Σ ′} ∩Σ(Y ). LetΣx denote the split system induced byΣ on X − x.
Proposition 2.5. Let X = {1, 2, 3, 4, 5, 6, 7} and let Σ be a full weakly compatible split system. ThenΣx is a full circular split
system for every x ∈ X.
Proof. We show that the octahedron cannot be extended to a full weakly compatible split system on seven taxa.We include
7 in one of the parts of each splits, 123|456, 234|156, 345|126, 135|246. Assume without loss of generality 1237|456 ∈ Σ .
Then we have to choose two out of the three splits 1567|234, 126|3457, and 135|2467 to get two quartets on {1, 2, 3, 7}.
However, no two of them are weakly compatible with 1237|456. 
Quartet sets of circular weakly compatible split systems have been characterized in [7]. We define Ψ to be the split
systems on X = {1, 2, 3, 4, 5, 6} containing the splits 12|3456, 34|1256, 56|1234, and 135|246, and for k ≥ 4, let Γk be the
split system on Y := {1, . . . , k} containing all splits {i, i+1}|(Y −{i, i+1}) for 1 ≤ i ≤ k−2 and {1, k−1}|(Y −{1, k−1}).
We will refer to the split systems Ψ and Γk, k ≥ 4, as the forbidden split systems.
Proposition 2.6 ([7, Theorem 8]). A maximal weakly compatible split system Σ on X is circular if and only if there is no subset
Σ ′ of Σ and Y of X such that the split systemΣ ′|Y is isomorphic to one of the forbidden split systems. 
Now we are ready to present the main result of this section.
Theorem 2.7. Let X be a finite set such that |X | = n for n ≥ 7 and let Σ ⊂ Σ∗(X) be a full weakly compatible split system on
X. ThenΣ is a full circular split system.
Proof. We use induction on |X |. In view of Proposition 2.5 (if |X | = 7) or by induction hypothesis (otherwise), we have that
Σx is a full circular split system for every x ∈ X . If Σ is not circular, then by Proposition 2.6, there must be a subset of Σ
that is isomorphic and we assume it to be equal to Γ|X |. Since Σ is a full weakly compatible split system, it must contain a
split of size at least 3, say the split {1, . . . , k}|(X − {1, . . . , k}) for some k with 3 ≤ k ≤ n − 3. Then Σ2 is not circular, a
contradiction. 
It would be interesting to know what is the maximal number of quartets that a non-circular weakly compatible split
system for a fixed number of taxa can have. We give the best example that we have found: Let X = {1, . . . , n}, n ≥ 5, and
letΣn be the split system containing all splits A|(X − A) with A = {n− 1, 1} or A = {i, . . . , j} for all choices of i and j such
that either 1 = i < j ≤ b n−12 c, or 2 ≤ i < j ≤ n− 2, or b n+12 c ≤ i < j = n− 1.
Proposition 2.8. The number of quartets displayed byΣn is 2
( n
4
)− b (n−4)24 c.
For k-compatible split systems, that is collections of splits that do not contain k + 1 pairwise incompatible splits, the
average number of quartets per quadruple cannot be arbitrarily close to 2 if the number of taxa is large enough. Let ckn
and wkn be the maximal numbers such that there is a k-compatible split system Σc(n, k) and a k-compatible and weakly
compatible split systemΣw(n, k) on n taxa with |Q(Σc(n, k))| = ckn and |Q(Σw(n, k))| = wkn.
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Proposition 2.9. ( c
k
n
( n4 )
)n≥1 and (
wkn
( n4 )
)n≥1 are decreasing sequences.
Proof. LetΣw(n, k) be a k-compatible andweakly compatible split system on X with |X | = n such that |Q(Σw(n, k))| = wkn
and defineQkn(x) = Q(Σw(n, k)x) and qkn(x) = |Qkn(x)|. Using double counting on the set {(x, q)|x ∈ X and q ∈ Qkn(x)}, we
get
∑
x∈X qkn(x) = (n− 4)wkn and as
∑
x∈X qkn(x) ≤ nwkn−1, we have (n− 4)wkn ≤ nwkn−1. Hence the result forwkn follows and,
using the same argument, it is easy to prove the result for ckn . 
In view of Proposition 2.9, both sequences converge, and clearly the limit ofwkn is strictly less than 2 for every k. Bandelt
and Dress [8] conjectured that the limit of the corresponding sequence for unions of two compatible split systems is 53 . A
possible approach to establishing this long-standing conjecture is to show limn→∞
c2n
( n4 )
= 53 .
3. Maximal weakly compatible split systems with few quartets
In this section we construct an infinite family of maximal weakly compatible split systems such that the average number
of displayed quartets per quadruple tends to 0 when the number of taxa goes to infinity. This is a sharp contrast to the case
for maximal compatible split systems where exactly one quartet is displayed for every quadruple.
Given a graph G with vertex set V (G) and edge set E(G), we define Σ(G) as the set {Ax|(E(G) − Ax) : x ∈ V (G)}, where
Ax := {xy : xy ∈ E(G)}.
Lemma 3.1. Let G be any graph. ThenΣ(G) is 2-compatible if G has no triangle.
Proof. Assume thatΣ(G) is not 2-compatible; then we have a set {Ai|(E(G)− Ai) : i = x, y, z ∈ V (G)} of three splits such
that each pair is incompatible. So Ax ∩ Ay 6= ∅, Ay ∩ Az 6= ∅ and Ax ∩ Az 6= ∅. This implies that vertices x, y and z induce a
triangle. Hence the result follows. 
Lemma 3.2. Let G be any connected graph and let Σ be a maximal weakly compatible split system containing Σ(G). If
S = A|B ∈ Σ and xy, ab ∈ A for distinct x, y, a, b ∈ V (G), then Aa ⊆ A or Ab ⊆ A.
Proof. Assume that Aa 6⊆ A and Ab 6⊆ A. Then none of the intersections A∩ Aa ∩ Ab, A∩ {E(G)− Aa} ∩ {E(G)− Ab}, {E(G)−
A} ∩ Aa ∩ {E(G)− Ab}, {E(G)− A} ∩ {E(G)− Aa} ∩ Ab is empty, a contradiction. Hence the result follows. 
Let H be a Hadamard matrix of order n. (Note that n ∈ {1, 2} or n is divisible by 4.) Let n ≥ 2 and define the
Hadamard graph Γ (H) [9, p. 19] as the graph with vertex set V (Γ (H)) = {r+i , r−i , c+i , c−i : i = 1, . . . , n} and edge set
E(Γ (H)) = {rδi cj : Hij = δ}.We define the modified Hadamard graph∆(H) to have vertex set V (∆(H)) = V (Γ (H)) and
edge set E(∆(H)) = E(Γ (H)) ∪Mr ∪Mc , whereMr := {r+i r−i : i = 1, . . . , n} andMc := {c+i c−i : i = 1, . . . , n}.
Proposition 3.3. Let Σ be a maximal weakly compatible split system containing Σ(∆(H)). Then for all S ∈ Σ , say S = A|B and
‖S‖ = #A, we have A ⊆ Ax for some x ∈ V (∆(H)).
Proof. We omit the proof for the cases n = 2 and n = 4 where Γ (H) is the octagon and the 4-cube respectively, and
the statement can be checked by hand. Let n > 4 and let S := A|B ∈ Σ . Without loss of generality, we may assume that
|B ∩Mr | ≥ 12n and {r+1 r−1 , r+2 r−2 , r+3 r−3 } ⊆ B and Ar+1 ∪ Ar+2 ∪ Ar+3 ⊆ B by Lemma 3.2. LetM := Mr ∪Mc .
Claim 1: If |A ∩M| ≥ 2 and r+1 c−1 , r+2 c+1 ∈ E(∆(H)), then c+1 c−1 ∈ B.
Proof. If c+1 c
−
1 ∈ A then Ac+1 ⊆ A or Ac−1 ⊆ A. But then r
+
2 c
+
1 ∈ A ∩ B or r+1 c−1 ∈ A ∩ B, a contradiction. 
Claim 1 implies that |B∩Mc | ≥ 34n if |A∩M| ≥ 2 and hence |A∩Mr | = 1 and |A∩Mc | = 1 if |A∩M| ≥ 2. Without loss
of generality, we may assume that Ac+n ∪ Ar+n ⊆ A. If there exists xy ∈ A such that xy 6∈ Ac+n ∪ Ar+n then Ax ⊆ A or Ay ⊆ A and
this implies that |A ∩M| ≥ 3, a contradiction. Hence we have A = Ac+n ∪ Ar+n if |A ∩M| ≥ 2.
Claim 2: There exists an edge between the neighbors of c+n and the neighbors of r+n if |A ∩M| ≥ 2.
Proof. If r+n c+n ∈ E(∆(H)) then r−n c−n ∈ E(∆(H)) and if r+n c+n 6∈ E(∆(H)) then there exist rj cδk ∈ E(∆(H)) such that
j, k ∈ {1, . . . , n}, , δ ∈ {−,+} and r+n cδk , rj c+n ∈ E(∆(H)). Hence the result follows. 
But as r+1 r
−
1 ∈ A, r+1 r+n ∈ E(∆(H)) or r−1 r+n ∈ E(∆(H)), a contradiction. Hence, |A ∩ M| ≤ 1, so A ⊆ Ax for some
x ∈ V (∆(H)). 
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Theorem 3.4. Let Σ be a maximal weakly compatible split system containing Σ(∆(H)). Then |Q(Σ)| = O(n7).
Proof. |V (∆(H))| = 4n, |E(∆(H))| = 2n(n+ 1) and |Ax| = n+ 1. By Proposition 3.3, we have
|Q(Σ)| ≤ 4n
{( |Ax|
2
)( |E(∆(H))| − |Ax|
2
)
+
( |Ax|
3
)( |E(∆(H))| − |Ax|
1
)
+
( |Ax|
4
)}
and so
|Q(Σ)| ≤ 4n
{(
n+ 1
2
)(
(2n− 1)(n+ 1)
2
)
+
(
n+ 1
3
)(
(2n− 1)(n+ 1)
1
)
+
(
n+ 1
4
)}
.
The result follows. 
The example above suggests the problem of determining α := lim infn→∞ lg(αn)lg(n) where αn is the smallest number such
that there is a maximal weakly compatible split systemΣ on n taxa with |Q(Σ)| = αn. By Theorem 3.4, we have α ≤ 72 . It
is easy to see that α ≥ 2 as any non-trivial split covers at leastΩ(n2) quartets.
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